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Abstract: A simple analytical model is presented in this work to investigate reflection coefficients
due to the interactions of waves with rectangular submerged obstacles/and submarine trenches.
Our intention in this work is to present a simple analytical model to simulate and study water-wave
scattering by evaluating reflection coefficients. Further, our challenge is to present an analytical
model that can easily investigate simultaneously the effects of rectangular submerged obstacles/and
submarine trenches on wave scattering. Furthermore, reflection coefficients are investigated for dif-
ferent immersion ratios and relative lengths simultaneously for submarine trenches/and rectangular
submerged obstacles. In addition, to ensure the validity of the presented model, our results are
well compared with those of the literature. Finally, a comparison of reflection coefficients associ-
ated with the interactions of waves with rectangular submerged obstacles/and submarine trenches
are presented to investigate the most efficient breakwater, and to highlight the importance of the
presented model.

Keywords: wave-structure interactions; reflection coefficients; theoretical approach; breakwater

1. Introduction

Preserve infrastructures and resources in coastal and marine environment are an
interesting challenge in coastal and ocean engineering. For these reasons, the investigation
of water-wave propagation over a structure/or trenched bottom is an important topic
in coastal and ocean science. Further, the reflection and transmission coefficients are
crucial hydrodynamic parameters that can evaluate efficiently the efficiency of the adopted
breakwaters. Furthermore, this topic has been investigated widely in the literature by
adopting the linear potential theory. Moreover, the investigations on wave-structure
interactions are divided into three group: Scientists or researchers that are interested in
studying wave-structure interactions theoretically [1,2], a second group that is interested in
investigating the interaction of waves and structures in a numerical wave tank (NWT) [3–5],
and a third group that is interested in conducting research on wave-structure interaction
experimentally [6,7]. Additionally, breakwaters can be presented as bottom submerged
breakwaters, submerged plate breakwaters, submarine trench, and seawall breakwaters.

This research paper studies scattering water waves using bottom submerged break-
waters and submarine trench. For this reason, it is interested in shining light on the
state-of-the-art methods associated with the topic investigated in this research paper. First,
Szmidt [8] used the finite difference method to compute the reflection coefficient associated
with rectangular submerged bottom breakwaters in a numerical wave tank (NWT). Next,
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Ouyang [9] studied a series of submerged bottom breakwaters using a computational
approach based on the regularized meshless method (RMM). Then, Bragg offered some
reflections on a train of surface water waves from a succession of impermeable submerged
bottom breakwaters. Further, by presenting a number of experiment measurements by
Hsu [10], he studied scattering water waves by rectangle, cosine, and triangle sand break-
waters, and the investigation showed that the rectangular sand breakwaters provide the
maximum reflection, according to a series of experimental data that the author presented.
Recently, submerged rectangular breakwater was investigated by Chioukh [11] using
an efficient numerical method (ISBM) to compute the reflection and transmission coeffi-
cients applied to study wave-submerged rectangular breakwater. Later, Loukili et al. [12]
compared the analytical model with the numerical approach presented by Chioukh [11].
Additionally, the comparison has shown a good agreement between analytical and nu-
merical approaches. Furthermore, water-wave scattering by a trenched bottom can be an
interesting tool to reflect waves and protect the coastal and marine environment. Moreover,
wave propagation over variable-depth geometries was initially studied by Kreisel [13].
Apart from that, Lassiter [14] investigated the complementary issue of dispersion of water
waves caused by the interactions with a rectangular trench, where the condition of the
velocity potential and horizontal velocity must be continuous along the vertical lines before
and after the trench, to formulate the problem in terms of complementary variational
integrals of Schwinger’s type, from which he was able to derive reflection and transmission
coefficients. Next, by writing solutions in two subregions made up of an infinite rectangular
region of constant depth and a finite rectangular region of the trench, Lee and Ayer [15]
used a matching procedure to solve the rectangular trench problem. They then calculated
the reflection and transmission coefficients numerically. Moreover, they performed several
experiments in a wave tank and compared the outcomes to those calculated theoretically.
Shortly afterwards, Miles [16] formulated the trench problem for long waves and then
used a conformal mapping approach to solve it for normal incidence of the wave train.
Recently, Bender and Dean [17], Xie et al. [18] and Liu et al. [19] considered various kinds
of trench problems. Bender and Dean [17] investigated the problem of wave propagation
over two-dimensional trenches and shoals. Thereafter, the issue of long-wave reflection
by a rectangular barrier with two trenches was investigated by Xie et al. [18]. In addition,
Liu et al. [19] investigated wave reflection by a rectangular breakwater with two scour
trenches by formulating the problem in terms of a modified mild-slope equation (MMSE),
and then the reflection coefficient was obtained analytically. Recently, multi-term Galerkin
approximations have been used to investigate obliquely incident water-wave diffraction by
an asymmetric trench [20,21], a numerical method that has been widely used lately.

In this work, our challenge is to present a simple analytical model that can simulate
and study simultaneously the interactions of waves with rectangular submerged obsta-
cles/and submarine trenches. Further, the intention is to highlight the advantages of a
simple analytical model that can investigate the effect of the hydrodynamics parameters
on the reflection coefficients due to the interactions of waves with rectangular submerged
obstacles/and submarine trenches. The advantages of this approach are that it is simple
and easy to manipulate. Further, it is based on a domain connection by connecting the
domains via continuity conditions, and this procedure leads to a good definition of the
domain of study, and avoids the problem of singularities associated with classical numerical
approaches. On the other hand, the limitation of this approach is that it is limited to just
the intermediate zone, and hence it is incapable of treating waves-structure interactions in
the case of deep zones.

To realize the goals and the challenge of this research paper, this work is divided into
four main sections. After introducing the topic of this research in Section 1, the theoretical
formulation of the problem is presented in Section 2. Thereafter, results and discussion are
presented in Section 3 to illustrate the goals of this research paper. Finally, conclusions and
additional perspectives are given in Section 4.
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2. Theoretical Formulation of the Problem

The aim of this section is to introduce the formulation of the problem based on a
theoretical approach. Further, the objective is to present an analytical model to compute
the reflection and transmission coefficients associated with the interactions of waves with
rectangular submerged obstacles/and submarine trenches simultaneously. By expressing
the continuity of velocity potential and horizontal velocity at the obstacle’s edges (see
Figures 1 and 2), the reflection and transmission coefficients are easily calculated. The
advantages of this technical approach are easy to implement and can be used to compute
the reflection and transmission coefficients for both rectangular submerged obstacles/and
submarine trenches simultaneously.
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The velocity potential at each subdomain is written as

- at the subdomain D1

φ1 = a[exp(−ik(x + l/2)) + Rexp(ik(x + l/2))]ch(k(y + H)), (1)

- at the subdomain D2

φ2 = aTrexp(−ik(x− l/2))ch(k(y + H)), (2)

- at the subdomain D3

φ3 = a[Cexp(−iσx) + Dexp(iσx)]ch(σ(y + h)). (3)

a, R, Tr and respectively stand for amplitude of the incident wave, the reflection and
the transmission coefficients.

The horizontal velocity and the velocity potential wave, the reflect defined at x = −l/2
and x = l/2 as
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• At the position x = −l/2

0∫
−h

φ1(−l/2, y)ch(σ(y + h))dy =

0∫
−h

φ3(−l/2, y)ch(σ(y + h))dy, (4)

0∫
−h

φ1(−l/2, y)
∂x

ch(k(y + H))dy =

0∫
−h

∂φ3(−l/2, y)
∂x

ch(k(y + H))dy, (5)

• At the position x = l/2

0∫
−h

φ3(l/2, y)ch(σ(y + h))dy =

0∫
−h

φ2(l/2, y)ch(σ(y + h))dy, (6)

0∫
−h

∂φ3(l/2, y)
∂x

ch(k(y + H))dy =

0∫
−h

∂φ2(l/2, y)
∂x

ch(k(y + H))dy, (7)

where, following the expression of the connection conditions at the positions x = l/2
and x = −l/2, we get an algebraic system as

I1(1 + R) = I2(Cz + Dz)
I1Tr = I2(Cz + Dz)

kI3(1− R) = σI1(Cz− Dz)
kI3Tr = σI1(Cz− Dz)

(8)

where:

I1 =

0∫
−h

ch(k(y + H))ch(σ(y + h))dy, (9)

I2 =

0∫
−h

ch2(σ(y + h))dy, (10)

I3 =

0∫
−h

ch2(k(y + H))dy, (11)

The additional factors in Formulas (4)–(7) are added to simplify the integration of the
Equations (9)–(11) as

I1 =
1

2(k + σ)
[sh(kH + σh)− sh(k(H − h))], (12)

I2 =
1
2

(
sh(2σh)

2σ
− h
)

, (13)

I3 =
1
2

(
sh(2kH)

2k
− H

)
, (14)

By combining the set of Equation (8), we get

Cz =
1
2

I1

I2
(1 + R) +

1
2

k
σ

I3

I1
(1− R), (15)

Dz =
1
2

I1

I2
(1 + R)− 1

2
k
σ

I3

I1
(1− R), (16)
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Formulas (15) and (16) are then injected into the second and fourth equations of the
system (8), yielding

I1

I2
Tr =

[
I1

I2
(1 + R) +

kI3

σI1
(1− R)

]
z2

2
+

[
I1

I2
(1 + R)− kI3

σI1
(1− R)

]
z2

2
, (17)

kI3

σI1
Tr =

[
I1

I2
(1 + R) +

kI3

σI1
(1− R)

]
z2

2
−
[

I1

I2
(1 + R)− kI3

σI1
(1− R)

]
z2

2
, (18)

with z = exp(iσl/2), more explicitly,(
I1

I2
+

kI3

σI1

)
Tr =

[
I1

I2
(1 + R) +

kI3

σI1
(1− R)

]
z2, (19)

(
I1

I2
− kI3

σI1

)
Tr =

[
I1

I2
(1 + R)− kI3

σI1
(1− R)

]
z2, (20)

After that, we get a matrix system as[
A B
B A

][
Tr
0

]
=

[
z2 0
0 z2

][
A B
B A

][
1
R

]
(21)

The formulation of the reflection and transmission coefficients can be obtained as a
result of the matrix system’s resolution.

R =
z2 − z2

z2B/A− z2A/B
, (22)

Tr =
B/A−A/B

z2B/A− z2A/B
(23)

where:
A =

I1

I2
+

kI3

σI1
, and B =

I1

I2
− kI3

σI1
. (24)

The expression R2 + Tr
2 = 1 is verified theoretically, which confirms the conservation

of energy associated with water-wave propagations. Further, this expression can be used as
an error indicator for numerical approaches by evaluating

∣∣1− R2 − Tr
2
∣∣.For more details,

σ, and k verify the dispersion relations such as

ω2 = gktanh(kH) (25)

ω2 = gσtanh(σH) (26)

From Equations (25) and (26), we can write

ω2

g
= ktanh(kH) = σtanh(σh) (27)

Further, Equation (27) can be re-written as

σhtanh(σh)− αkHtanh(kH) = 0 (28)

where α = h
H , stands for the immersion ration.

For the sake of clarity, Equation (27) is resolved numerically using the Newton–
Raphson method [22].
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3. Results and Discussions

The outcomes of this study are divided into two main subsections. The first subsection
is dedicated to validation tests to ensure the validity of the present model used in this
investigation. The second subsection is incorporated to assess and study the effect of
the immersion ratio and relative length on the reflection coefficients for the two used
cases simultaneously, namely the interaction of water waves with rectangular submerged
obstacles/and submarine trenches.

3.1. Validation Tests

To ensure the validity of the approach used in this work, two tables are presented in this
subsection. Table 1 is presented to compare our outcomes with the results of the literature
in the case of the interaction of waves with submarine trenches for the hydrodynamic
parameters h/H = 3, et l/H = 5. Table 2 is depicted to compare the analytical and numerical
method based on the improved version of the meshless method (ISBM) [12], in the case of
rectangular submerged breakwater by fixing the relative lengths and varying the immersion
ratios: h/H = 0.25, 0.5, 0.75. In addition, a partial verification of the accuracy of the results
is achieved by the current analytical approach, by verifying the energy conservation that is
expressed as R2 + T2 = 1.

Table 1. Comparison of our results with those of the literature for the immersion ratio: h/H = 3, and
relative length l/H = 5 (in the case of submarine trenches).

Kirby and Dalrymple [23] Rumpa Chakraborty [24] Present Work

kh T R R2 + T2 T R R2 + T2 T R R2 + T2

0.341 0.888 0.459 0.999 0.889 0.469 1.010 0.8905 0.497 1.040
0.723 0.955 0.296 1.000 0.956 0.295 1.001 0.9575 0.302 1.008
1.296 0.999 0.030 0.999 0.998 0.031 0.997 0.9985 0.034 0.998

Table 2. Comparison of analytical and the numerical approach [12] for different immersion ratios
and relative lengths (for the case of rectangular breakwater).

Numerical [12] Analytical

h/H kh T R R2 + T2 T R R2 + T2

0.25

0.100 0.938 0.345 0.998 0.932 0.332 0.979
0.360 0.810 0.585 0.998 0.832 0.540 0.984
0.780 0.958 0.284 0.998 0.969 0.242 0.999
0.940 0.877 0.479 0.998 0.869 0.453 0.961

0.5

0.100 0.991 0.133 0.999 0.978 0.099 0,968
0.360 0.947 0.320 0.999 0.950 0.292 0.989
0.780 0.992 0.125 0.999 0.982 0.101 0.975
0.94 1.000 0.006 1.000 0.970 0.004 0.941

0.75

0.100 0.998 0.049 0.998 0.993 0.030 0.987
0.360 0.991 0.128 0.998 0.986 0.099 0.982
0.780 0.995 0.090 0.998 0.981 0.069 0.969
0.940 0.998 0.060 0.999 0.993 0.058 0.991

By comparing our results with those of the literature and checking the energy conserva-
tion for the different immersion ratios, we conclude that the analytical model presented in
this work is accurate and efficient for the interactions of waves with rectangular submerged
obstacles/and submarine trenches.

Further, the convergence of the approach adopted in this work is associated with the
convergence of the dispersion equation (Equation (27)) that is resolved by the Newton
Raphson method [22]. Our numerical experiments indicate that the Newton–Raphson
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method converges when KH is beyond the range [10−3−3]; outside of this range, the
method happened to be unstable. For more details, this outcome proves the incapacity of
this approach to treat wave-structure interactions in the case of deep-water zones.

3.2. Reflection Coefficients Investigations

In this subsection, the aim is to illustrate the efficiency of the analytical model presented
in this work, namely to study the effects of the hydrodynamic parameters on the reflection
coefficients associated with the interactions of waves with submerged rectangular breakwa-
ters/and submarine trenches. For these reasons, the reflection coefficients are assessed for
the different immersion ratios h/H and the relative lengths l/d (where d = |h− H|). Firstly,
our intention is to assess the effects of the hydrodynamic parameters on the reflection coef-
ficients for the case of the interactions of waves with submerged rectangular breakwaters.
Namely, in Figure 3, the reflection coefficients are assessed for the different immersion
ratios (h/H = 0.25, 0.5, 0.75) by fixing the relative length at l/d = 1, and 2. Further, in
Figure 4, the reflection coefficients are investigated for the different relative lengths (l/h = 2,
4, 6) by fixing the immersion ratios at h/H = 0.20, and 0.80.
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Secondly, the purpose is to study the effects of the hydrodynamic parameters on
the reflection coefficients for the case of the interactions of waves with submarine trench
breakwater. Namely, in Figure 5, the reflection coefficients are assessed for the different
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immersion ratios (h/H = 1.25, 1.5, 1.75) and fixing the relative lengths at l/d = 0.5 and 0.85.
Further, in Figure 6, the reflection coefficients are investigated for the different relative
lengths (l/h = 0.5, 0.8, 1.15) and fixing the immersion ratios at h/H = 1.25, and 1.75.

Geosciences 2022, 12, x FOR PEER REVIEW 8 of 11 
 

 

Further, in Figure 6, the reflection coefficients are investigated for the different relative 

lengths (l/h = 0.5, 0.8, 1.15) and fixing the immersion ratios at h/H= 1.25, and 1.75. 

 

 
 

(a) (b) 

Figure 5. Variations of reflection coefficients by fixing the relative lengths at (a) l/d = 0.5, (b) l/d = 

0.85 and varying the immersion ratios: h/H = 1.25, 1.5, 1.75. 

  
(a) (b) 

Figure 6. Variations of reflection coefficients by fixing the immersion ratios at (a) h/H = 1.25, (b) h/H 

= 1.75 and varying the relative lengths: l/h = 0.5, 0.8, 1.15. 

Finally, Figure 7 shows comparisons of the reflection variations due to wave-sub-

merged rectangular breakwaters/and submarine trenches. The investigations are illus-

trated by fixing the immersion ratio at h/H = 0.5 for the rectangular submerged breakwa-

ter, and h/H = 1.5 for the submarine trench, and the relative length at l/h = 1, 2. for the 

rectangular submerged breakwater, and l/h = 1/3, 2/3 for the submarine trench. Justifica-

tion for these hydrodynamics values is that, in the case of the immersion ratio h/H=0.5, 

the correspondence is performed by replacing the h-parameter associated with the rectan-

gular submerged breakwater (Figure 2) by the equivalent of 3h associated with the sub-

marine trench breakwater (Figure 1). 

Figure 5. Variations of reflection coefficients by fixing the relative lengths at (a) l/d = 0.5,
(b) l/d = 0.85 and varying the immersion ratios: h/H = 1.25, 1.5, 1.75.

Geosciences 2022, 12, x FOR PEER REVIEW 8 of 11 
 

 

Further, in Figure 6, the reflection coefficients are investigated for the different relative 

lengths (l/h = 0.5, 0.8, 1.15) and fixing the immersion ratios at h/H= 1.25, and 1.75. 

 

 
 

(a) (b) 

Figure 5. Variations of reflection coefficients by fixing the relative lengths at (a) l/d = 0.5, (b) l/d = 

0.85 and varying the immersion ratios: h/H = 1.25, 1.5, 1.75. 

  
(a) (b) 

Figure 6. Variations of reflection coefficients by fixing the immersion ratios at (a) h/H = 1.25, (b) h/H 

= 1.75 and varying the relative lengths: l/h = 0.5, 0.8, 1.15. 

Finally, Figure 7 shows comparisons of the reflection variations due to wave-sub-

merged rectangular breakwaters/and submarine trenches. The investigations are illus-

trated by fixing the immersion ratio at h/H = 0.5 for the rectangular submerged breakwa-

ter, and h/H = 1.5 for the submarine trench, and the relative length at l/h = 1, 2. for the 

rectangular submerged breakwater, and l/h = 1/3, 2/3 for the submarine trench. Justifica-

tion for these hydrodynamics values is that, in the case of the immersion ratio h/H=0.5, 

the correspondence is performed by replacing the h-parameter associated with the rectan-

gular submerged breakwater (Figure 2) by the equivalent of 3h associated with the sub-

marine trench breakwater (Figure 1). 

Figure 6. Variations of reflection coefficients by fixing the immersion ratios at (a) h/H = 1.25,
(b) h/H = 1.75 and varying the relative lengths: l/h = 0.5, 0.8, 1.15.

Finally, Figure 7 shows comparisons of the reflection variations due to wave-submerged
rectangular breakwaters/and submarine trenches. The investigations are illustrated at the
first time in the Figure 7a, by fixing the immersion ratio at h/H = 0.5, and the relative length
at l/h = 1 for the rectangular submerged breakwater, and the immersion ratio at h/H = 1.5,
and the relative length l/h = 1/3 for the submarine trench. For further investigation, in the
Figure 7b the immersion ratio is fixed at h/H = 0.5 and the relative length at l/h = 2 for
the rectangular submerged breakwater, and immersion ratio at h/H = 1.5, and the relative
length l/h = 2/3 for the submarine trench.

The Justification for these hydrodynamics values is that, the correspondence is per-
formed by replacing the h-parameter associated with the rectangular submerged break-
water (Figure 2) by the equivalent of 3h associated with the submarine trench breakwater
(Figure 1).
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Figure 7. Comparisons of the reflection variations due to wave-submerged rectangular breakwa-
ter/and submarine trenches: (a): h/H = 0.5, and l/h = 1 for rectangular breakwater, h/H = 1.5, and
l/h = 1/3 for the submarine trench, (b): h/H = 0.5, and l/h = 2 for rectangular breakwater, h/H = 1.5,
and l/h = 2/3 for the submarine trench.

The outcomes of this subsection prove the efficiency of the present model to study
simultaneously the interactions of waves with submerged rectangular breakwaters/and
submarine trenches. Furthermore, Figures 3 and 4 describe the effect of the immersion
ratios, and the relative lengths on the reflection coefficients associated with the interactions
of waves with submerged rectangular breakwater. In addition, Figures 5 and 6 describe
also the effect of the immersion ratios, and the relative lengths on the reflection coeffi-
cients associated with the interactions of waves with submarine trenches. By fixing the
relative lengths and varying the immersion ratios in Figures 3 and 5, the results show
that the reflection coefficients decrease when the immersion ratio increases. In addition,
Figures 4 and 6 describe the effect of the relative lengths on the reflection coefficients
simultaneously for the interactions of waves with submerged rectangular breakwater and
wave-submarine trenches; by fixing the immersion ratio and varying the relative lengths,
the results show that the reflection coefficients increase when the relative length increases.
Moreover, the results of all figures show that, as we increase the relative lengths, the
oscillation aspect of the reflection coefficients increases. Furthermore, in the case of wave-
submarine trench interactions, the maximum of the reflection coefficient is still constant
when the immersion ratio reaches h/H = 1.75.

Finally, Figure 7 is dedicated to comparing the reflection coefficients associated with
the interactions of waves with submerged rectangular breakwater and wave-submarine
trenches. The upshot of this figure proves that the reflection coefficients of the submerged
rectangular breakwater go one better than the reflection coefficients associated with the
submarine trench.

4. Conclusions and Perspectives

This research paper has addressed many challenges. First, a simple analytical model
is presented and illustrates the advantages of treating simultaneously the problem of wave-
submerged rectangular breakwaters and wave-trench breakwaters. Secondly, the reflection
coefficients associated with the interactions of wave-submerged rectangular breakwaters
and trench breakwaters have been thoroughly investigated. Namely, the investigation
covered the effect of the relative length and the immersion ratio on the reflection coefficients.
The results of this research paper show that the relative length and the immersion ratio
are the key parameters of the study. Further, the reflection coefficients increase when the
relative length increases, while the reflection coefficients decrease when the immersion
ratio increases. This conclusion is observed for both the case of the wave-submerged
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rectangular breakwater and wave-trench breakwaters. Finally, the simplicity of the present
simple analytical model allowed us to compare the reflection coefficients associated with
the wave-submerged rectangular breakwater and wave-trench breakwaters.

In the future, we will endeavor to investigate the problem studied in this work for the
different hydrodynamic parameters in the presence of the currents.
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