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Analytical and numerical investigations of noncollinear magnetic ordering in the frustrated
delafossite CuCrQ
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The magnetic propagation vector in delafossite CuGr@h classical Heisenberg spins is calculated analyti-
cally as a function of exchange interactions up to fourth-nearest neighbors. Exchange interactions are estimated
by a series of density functional theory calculations for several values of lattice distortion. Our calculations
show that the magnetic propagation vector is directly affected by the considered distortions providing different
stable commensurate or incommensurate magnetic conbgurations. A realistic set of exchange interactions
corresponding to a 0.1% lattice distortion yields the experimental ground state with an incommensurate
propagation vectogq  (0.329, 0.329, 0). We bnd that a very weak antiferromagnetic interlayer interaction
favors an incommensurate ordering even in the absence of lattice distortion. Moreover, the exchange energy of
a magnetic conbguration of a bnite crystal of Cuowith periodic boundary conditions is derived analytically.
Based on that, highly accurate Monte Carlo simulations performed on Gu&r@Prm both the proposed
analytical calculations and the density functional theory estimations, where we obtain excellent convergence
toward the experimental ground state with a magnetic propagation weetd0.3288, 0.3288, 0).

DOI: 10.1103/PhysRevB.99.104415

I. INTRODUCTION Prst-nearest-neighbor couplings= J; (Fig. 1) as well as

The Heisenberg antiferromagnet on a triangular lattice i inducing a hard-axis _amsotropy along the dlst_orted dlrectlo_n
23]. As a result, an incommensurate noncollinear magnetic

one of the prototype examples of frustrated magnetic sys- . . . ~
tems which have been studied for several decadés].[ ordering with a propagation vectay = (0.329, 0.329, 0)

The topology of these systems imposes high geometric rna{_ointing along the [110] direction is stabilized beldw [20].

X . Sl n addition, a spontaneous ferroelectric polarization emerges
netic frustration, resulting in several novel phenomena. Mos

frustrated systems possess the so-called noncollinear splqe low Ty al_o ng t_he distorted direction dueéto the V‘?‘”a“on
: . s . qf the hybridization between €t 3d and G 2p orbitals

conbgurations. Such noncollinear spin ordering breaks thgaused by the spin-orbit coupling4]. Recent x-ray diffrac-

space inversion symmetry, leading to the appearance of ney y P P ) y

. . . ion measurement]] performed in CuCrQ@ predicted that
phases, such as ferroelectric ones, in the magnetically ordere X . HE
. . Such a lattice distortion is of the order abQ% at 5 K. In our
state. Delafossite oxideSgp] are very good examples of frus- evious study23], we have estimated exchange interactions
trated triangular antiferromagnets because they are formed \dy T . g i
i . orresponding tal = 0.01% at 0 K using density functional
of triangular layers stacked rhombohedrally in a sequence ot cory (DET) calculations. We found tha/J, = 0.995 is
ABCABCGC - - type along the vertical direction. Among these y ' . 1=~ .
. . g not able to reproduce the experimental ground state (GS) in
delafossite oxides, CUCEKIRSM space group) attracts alot of Pnite system, and it does not induce a hard-axis anisotro
attention due to its strong magnetoelectric coupling observed y ' Py

in the magnetically ordered state0p12]. Also, an interesting alo_ng the.distorted direction necessary for de_te.rmining a
novel phenomenon derived from geometric magnetic frustraynfIque spiral pI'ane. For that we arbitrarily mu.Itlplle!dby
tion is the very richtH-T phase diagram obtained in CuGrO a factor of 30 in order to thaln the hard-z?\xu; anisotropy
with several magnetic and ferroelectric phast3BL6]. At responsible for the description of ferroelectric properties in

room temperature, the triangular layers of Cugae formed CuCrQ. Such an art|bc_|al enhan_cementcb_bllowed us to .
of equilateral triangles stacked in 0% -Cu -0%5-Cr3* describe magnetoelectric properties at Pnite temperatures in

layer coordination. Upon a phase transition to a noncollineaE(r)'rSnt'naeriscounc\rl?mgz:]x agri\:]vfglngsl S&g?\/‘ﬁ% nCSU(I:rEQtﬁi ma or
antiferromagnetic state at NZel temperatiige= 24D26 K P P ' Paper,

[17E2Q], the equilateral triangular layers undergo a smallV® focus on the noncol_linear magnetic _ordering insi(_je the
in-plane deformation41,27] due to a spiral magnetic or- spiral plane of delafossite CuCsQo provide a theoretical

dering. Such a lattice deformation is described as a tin gstimate ofd at the GS which leads to the = (0.329,

distortiond along the [110] direction leading to anisotropic)b's.zg’ 0) conbguration W't.h'n the framework_ of the classm_:al
Heisenberg model. For this reason, we derive an analytical

expression ofq = (k, k, 0) as a function of the differ-
ent competing interactions in rhombohedrally stacked dis-
*ahmed.baalbaky@hotmail.com torted triangular lattices. Exchange interactions are estimated

2469-9950/2019/99(10)/104415(9) 104415-1 ©2019 American Physical Society
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of the general form

vv X+ X+ x+ =0, %)
Cr3* Jy
[110]

with x = cos(2 k), = 163, = 12J, = 2J,S 4k, and
= )1 S 3% £ Js. To solve such a third-degree equation, one
Cr3t  should calculate its discriminant according to

_ iS4 3

= — , 6
S27 2 ©
where
/N 2
and
FIG. 1. Distorted triangular latticea(< a) of Cr** ions with 1=2 389 +27 2. 8)
exchange interactions up to fourth-nearest neighbdrs (J;) in
CuCrQ.. The solutions of Eq.5) depend on such that we have three
real solutions if > 0, given by
using DFT calculations for various distortions, and the — 1 92 5
inBuence of the next-nearest-neighbor interactions on the GSx = 2 —Ozcos Zarcos = 8§ - 5,
is discussed. 9 3 S6 o 0 3 3
The remainder of this paper is organized as follows: 8ec. )
presents the derived analytical expression of the propagatioit, = o 1. 2: two real solutions if = 0. such that (i) if
vector as a function of exchange interactions. Sectibris 6= 0 then ’

devoted to discussions of the obtained results, and bnally, a
conclusion is given in SetV .

X1 = Xo = S 3— (10)
Il. ANALYTICAL EXPRESSION OF THE and (i) if o= O, then
PROPAGATION VECTOR 9 &
Analytical investigations of noncollinear magnetic order- Xy = Y (11)
ing in three-dimensional (3D) systems with competing inter- 0
actions are still rarely achieved. Thus, in order to characterizénd
the noncollinear GS conbguration in rhombohedrally stacked 4 §92 g 3
distorted triangular lattices, we consider the following classi- X2 = ; (12)
cal Heisenberg Hamiltonian: 0
1 and a unique real solution i< 0, given by
H=S7 4SS, ) 1 o
x=8 — +u+ — , 13
] 3 " (13)

whereJ;; stands for exchange interactions between the inter-
acting spinsS andS; up to fourth-nearest neighbors (FID.  ith u= * —* 227 ”_ Therefore, the solutions of Eqg)(

Based on Eq.lo,fthe exchange energy per SkpiE of a.maﬁneti%hich minimize the energy of Eq2), give the theoretical
cpnbgurqﬂon ora propggat!on vectar= (k, k, 0) in the values of the propagation vectgrin the inbnite crystal of
distorted inPnite crystal is written as CuCro and similar systems.

E., (k) = IS 52[ch05(4 k) + 2J;c0s(2 K) Thqs, comparing tr_]e obtained valuesqojlith that of neu-
+ 342 6K+ 3 8 k tron diffraction experiments allows proposing a realistic set
2 2€0S(6 k) + Jscos(8 k) of competing exchange interactions that leads to noncollinear
+ 2Jzcos(4 k) + Jy £ 2J4c0s(2 K)], (2)  magnetic ordering in frustrated systems.

where thet sign before thel, terms depends on the stable

conbguration chosen by the system (see S€d). IIl. RESULTS AND DISCUSSION
Taking a derivative of Eq.2) with respect tk gives A. DET calculations
sin(2 k)[16Jscos(2 k) + 123,cog(2 k) To extract the various competing interactions that lead

= & _ to the experimental propagation vectpr= (0.329, 0.329,
* (20 S 4h)eos(2 )+ hS 3% £ 4] =0, (3) 0), we perform DFF U [26,27] calculations in the distorted
which vanishes when sin(k)= 0, i.e.,, k=0 or k= crystal structure of CuCr® Exchange interactions up to
05(2 k [0,2 [)orwhen fourth-nearest neighbors are considered (E)g.Since non-
= collinear DF U calculations for the actual GS would be
16]3(:03?)(2 k) + 125,c08 (2 k) + (23, S 4J)cos(2 k) extremely hard and computationally demanding, exchange
+3S3h+ =0 4) interactions are extracted from the collinear ferromagnetic
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TABLE I. Estimated DFT values of the exchange interactions
(in meV) for different choices olU and J4 in the undistorted
structure d = 0, i.e.,J; = J;) of CuCrG.

U (eV) JH (eV) J; Jo Js Js

2.3 0.96 §2.407 0.012 $0.266  $0.060
2.3 0.88 §2.237 0.012 50266 $0.060
3.0 0.96 §1.681 0.012 $0.242 $0.048
3.0 0.88 §1536 0.018 S$0.230 $0.048

J3

state. We have previously shown that the extracted values of _ _
exchange interactions are relatively robust and do not depend FIG- 2. Schematic representation of the exchange paths corre-

on the considered reference sta28][ Using constraint DFT
calculations, Mazin estimated the values of Hubb#re
2.3 eV and HundOs exchandg= 0.96 eV for a similar
system, LiCrQ [28]. In order to know which values df
andJy are the best for estimating the exchange interaction
in CuCrQ, we test the estimates from ReR§ and other
values ofU andJy. For simplicity, we extract the exchange
interactions in the undistorted structueX O, i.e.,J; = J;)
as reported in Table

As one can sed); is the most sensitive interaction relative
to the others, and it is inversely proportional to the valud pf

sponding to thd, andJ; interactions.

bridging Cr site. This can be viewed as a particular example
of a 90 superexchange, which is always sm&0| At the
Same timeJs coupling can be formed by hybridizing three Cr

d orbitals on the nearest-neighbor sites (directly or vigp O
states), which should provide a more efbcient and substantial
exchange, which is exactly what we see in our calculations.

B. Theoretical values of the propagation vector

as can be expected for a superexchange coupling in dielectric 1he variation of,, [Eq. (2)] versusk in the 3D inbnite
systems. The interactions with more distant neighbors tun§"ysta! is plotted in Fig3 for d = 0.001, 0.002, and 0.003.
out to be extremely robust. On a qualitative level, the signlt can be seen that eadh,, (k) curve possesses a single
of exchange interactions remains the same regardless of tff@nimum corresponding to the unique real solution given by

considered values &f andJy. Interestingly, we bnd that =

2.3 eV givesJ; in quite good agreement with experimental
estimates22,29]. Thus, the values dff andJy are adopted
from the work of Mazin 28] in further calculations.

Now, in the distorted crystal, several values of lattice
distortiond = (a$ a)/a are examined. Tha parameter is
set to the experimental lattice constant (2.9746 ¢) and is
kept bxed in the calculations, whik is varied in such a
way that it remains smaller thaa J; corresponds to the
shorter distance to the neighboring spins (Big.The details

Eqg. (L3) (the case of < 0) and two maxima dt= 0 and 0.5,
corresponding to the solution of E@)for sin(2 k) = 0. The
theoretical values df corresponding to each minimum in the
E., (k) curves are reported in Tablle for various distortions.
From a brst observation, it can be seen that both an interlayer
coupling and a lattice distortion slightly decrease the value
of k. Starting with the undistorted two-dimensional (2D)
inPnite crystalJ, = 0), we can clearly see that the GS conbg-
uration is a perfect 120k = 1/ 3). However, a tiny distortion

d = 0.0001 destabilizes the perfect 12€onbguration, lead-

of these calculations are the same as in our previous studd 0 €ither anincommensurate or a commensurate magnetic
[23]. Table Il gives the estimated values of the exchange

interactions for each value af. It is worth noting that the
magnitude ofJ; is much larger than that od,. This is a

very nice effect, which can be explained by inspecting the

corresponding exchange paths involving differentdGtates.
As one can see in Fi@, even though the distance between
the spins is smaller for thd, coupling compared to that

of Js;, the exchange path is more indirect since it involves=;

a virtual transition from one Cd orbital to another on the

TABLE Il. DFT estimates of exchange interactions (in meV) for
various distortions in CuCr

d J N X B A

0 S$2.407  S2.407 0.012 S0.266  S0.060
0.0001 S$2419 $2407 0.012 50266 $0.060
0.001 $2516 $2395 0.012 50266 S0.060
0.002 $2612 52395 0.012 $0266 S0.060
0.003 $2709 $2.383 0.012 50266 $0.060

20

10 -
E 5 5 ]
8 ﬁ 0.26 0.28 0.30 0.32 0.34 0.36 0.38 0.40
)
0_
—— d=0.001
—— d=0.002
S ——d=0.003
-10 N B | . i .I/I R N
0.0 0.1 0.2 . 0.3 ‘0.4 0.5

FIG. 3. Variation ofg,, versus for various distortions in the 3D
inPnite crystal of CuCr@
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TABLE lll. Theoretical values of] = (k, k, 0) in the inPnite 2D " T LA A A ]
(Js = 0) and 3D (, = 0) crystals calculated for various values of 0.50 ¢ ]
lattice distortion in CuCr@ I

[ Collinear state Noncollinear state
d 0.45

0 0.0001  0.001 0.002 0.003 ool m m ]
k,2D 03333  0.3330 ; '; 5

0.3303 0.3279 0.3254 "%
k, 3D 0.3318 0.3314 0.3287 0.3264 0.3238

0.35

k=1/3 .
[ £=0329 f“ﬂ“ ]
conbguration. In the undistorted 3D inPnite crysthlX 0), 0.30 - : 1
the 120 GS conbguration does not exikt€ 1/ 3), indicating r }‘
that a very weak interlayer coupling can destabilize thisper .t . . . . ° ., . . . ]
fect 120 state. Considering the experimental distorttbr -1.0 -05 0.0 0.5 1.0
0.0001 estimated & = 5 K [21], it can clearly be seen that J )

the theoretical value dfin the inbnite crystal is slightly larger

than that reported experimentally € 0.329). Thus, we can FIG. 4. Variation of the theoretical value &fversus,/ || for
say that, within the framework of the classical Heisenbergy, j 3, andJ, corresponding tal = 0.001.

model,d = 0.0001 cannot describe the experimental GS even

in the inPnite crystal. Interestingly, al®o lattice distortion

yields g (0.329, 0.329, 0) in the 3D inbnite crystal of of magnitudes of the next-nearest-neighbor interactions which
CuCrQ,. The dominant exchange parameters correspondingapilize the experimental noncollinege= (0.329, 0.329, 0)
tod = 0.1% are very comparable to those obtained from thenagnetic conbguration in CuCsO

inelastic neutron scattering experiment, as shown in Tahle

The main difference between our DFT estimates and inelastic

neutron scattering ones is seen mainly in the next-nearest- 1. Effectof 3 (S1 3o/ |31| 1)
neighborJ,, concerning both its nature and magnitude. Here we examine the effect of having FM or AFM on
the magnetic ordering in CuCpOFor that we calculatg =
C. Effects of the nature and magnitudes (k, k, 0) for each value o8,/ |Jy| in the interval B1, 1]. The
of next-nearest-neighbor interactions on the ground dependence d on J,/ |Jy] is plotted in Fig4. It can be seen
state of CuCrO, that the noncollinear state is stabilized for every BMwith

It is clear that the brst-nearest-neighbor interactirend 0.329 _k O.1|%3f2.vHowever, f(/)r AFMY;, tr;]e_l nenbcollinear
J, are antiferromagnetic (AFM) in this crystal. Their order of state”eX|sts only ?S 0}299 Pl |H| 0, w y e||t e}com_es
magnitude is found to be similar in various theoreti@4 81] a collinear state fody/ || ,30:3' Inter.estmg Y, theg =
and experimental22,29,37] studies, ranging betweed2.97  (0-329, 0.329, 0) conbguration is stabilized onlyf|J|
and$2.30 meV. However, a lack of precision covers the next-1> 0-007, 0.053], where our DFT estimate 4} lies.
nearest-neighbor interactiods, J;, andJ,, concerning their
nature due to their small magnitudes. The casé;dé less 2. Effectof & (51  Jo/|d] 1)
confused. This work and previous studi@8,B1,32] suggest . . N
that J; is an AFM coupling varying betwee§0.27 and Following the same Investigation as 8, t_he dependence
S$0.08 meV. However, contradictory results are reported forOf kon ‘?3/ || [S1,1]is given in F_|g.5. Itis clea_r that an
J, andJ4. This work and previous DFT calculation83,31] AFM Js IS favorable for AFM nonco_llmear magnetic orde_rmg
show thatJ; is ferromagnetic (FM), while neutron scattering m_tﬁukC_rC%. 5':'\/,1 ‘]3;. fav?rs AJF/MJCO_”'%efArf maé;n%tlc or?etrlng
measurement2p,32] bnd an AFMJ; coupling. The reverse with k = 1.5 starting Irom.s || = 0.14 an _above. inter-
scenario is reported fd. estingly, theq = (0.329, 0.329, 0) conbguration is preserved
Therefore, we investigate here the stable magnetic conbg —herl‘.h{:)l‘]llth. [S 0'1(18.? S0.091], where our DFT estimate of
ration taking into account both possible signs (FM and AFM)*3 satispes this conaition.
of J,, J3, andJ, using the derived analytical expressionepf
(Secll). Based on that, we determine the nature and order 3. Effectof 4 (31 JJ/ |31 1)

A different scenario is observed fdj. Noncolligear mag-
TABLE IV. Comparison of our DFT estimates of exchange in- netic ordering exists for any value &/ |J] [S1, 1], as
teractions (in meV) fod = 0.1% with those obtained from inelastic shown in Fig.6. Whatever the sign a}; is, k decreases when

neutron scattering measurements in CurO |Js] increases. The same value lofs obtained for a given
magnitude ofJ; whetherJ, is FM or AFM. However, the
Study I i & & Ja q = (0.329, 0.329, 0) conbguration is stabilized for AFM
Thiswork $2516 $2.395 0.012 S0266 $0.060 interlayer Coupling whed,/ |J1| [S 0.029, 50.014], where
Ref.29 $253 $23 3012 our DFT estimate od, lies, or FM interlayer coupling when

Ji/ 31| [0.014 0.029].
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the simulated GS if the system siteis wrongly chosen.
Therefore, to Pnd the system sizes that are able to reproduce
the true incommensurate GS magnetic conbgurations, we
] calculate analytically the exchange energy per spin of a pnite
- magnetic conbguration with a propagation vegsr (k, k, 0)

] on arhombohedrally stacked distorted triangular lattice, using
PBCs, as a function &, L, andL,. Based on Eq.1), we bnd

0.50 -

Noncollinear state Collinear state

-

0.45 |

0.40 [ L1
[ a1y, 3

_ =S SSSAUL(L S 1)cos[2 K]

] + 2(L S 1)2J,cos[4 K] + 4LJ;cos[2 k(L S 1)]

+ 4(L S 1)J,cos[2 k(L S 2)]

+ 2J,cos[4 k(L S 1)]},

Ei(k, L)

0.35 B
k=173

k=0.329

0_30-....|....|....|. (14)
-1.0 -0.5 0.0 0.5

J 1]

I 1.0
21,1 g
Exk,L)=S Est2p{2L2 S 4L + 23+ cos[2 K]

FIG. 5. Variation of the theoretical value &fversusJs/|J;| for
1, J;, &, andJ, corresponding tal = 0.001.

D. Monte Carlo simulations

In order to validate the GS predicted by our analytical
calculation ofk in the 3D inPnite crystal witld = 0.001, we
perform a simulated annealing using the Monte Carlo (MC)
method B3]. A bnite 3D crystal of CuCr@of sizelL x L x L,
is built with only the magnetic Gf (S= 3/2) ions. However,
simulating noncollinear magnetic conbgurations derived from
high geometric magnetic frustration is not straightforward.

+ 4(L2 S 3L + 8)cos[6 k]

+ cos[4 k(L S 1)]+ 3cos[2 k(L + 1)]
+2(L S 3)cos[2 k(L S 1)]

+ (4L S 5)cos[2 kL] + 5cos[2 k(2L S 3)]
+ 2cos[2 k(L S 2)] + 2cos[2 k(L + 2)]

+ 10(L S 2)cos[2 k(L S 3)]

+ 3cos[2 k(L + 3)]}, (15)

1 1 g
Es(k,L)=S E\13,32F{4|_(L S 2)cos[4 K]

Indeed, noncollinear magnetic ordering (GS and phase transi-
tion) in bnite systems is affected by size and boundary effects,
where the stable magnetic conbguration can be different from

+2(L S 2)%cos[8 k] + 8Lcos[2 k(L S 2)]

that of the inbnite system. Two different cases should be
distinguished: (i) The GS is commensurate, and then it is
possible to bnd a size such that I( + 1) is a multiple of

+8(L S 2)cos[2 k(L S 4)]
+ 8cos[4 k(L S 2)]}, (16)

1

the magnetic period and hence periodic boundary conditions g,(k, L, L,) = +
(PBCs) are suitable for simulating the GS. (ii) The GS is
incommensurate; that is, it is not periodic, and thus, PBCs (as
well as free boundary conditions) will signibcantly perturb

{6L,L2+ (S4L% + 121,12

1
§J4SZ3L2LZ
+ 2L S 9L,L S 1)cos[2 K]

+ (4L2 S L)cos[2 k(3L, S 1)]

+ (6L,L + 6L, S 4)cos[2 k(L S 1)]

+ (L+ 2)cos[2 k(LS 1)(3L.;S 1]}, (17)

0.34

k=13

k=0.329

and hence
Eex(k, Ll LZ) = E_‘]_(k, L) + Ez(kl L)

0.32

0.30 + Ea(k, L) + Eq(k, L, Ly). (18)
= Note that Eq. 18) leads to Eq.Z) whenL andL, tend to
0.28 inbnity. Figure7 shows the variation of the exchange energy
per spin [Eq. {8)] of a magnetic conbguration with  0.329
0.26 versusL for a givenl,. A strongL dependence of the
S exchange energy is seen. For examjilg,= S 8.927 meV
for L = 72 is higher than that of the inbPnite systéfy, =
o4l . . L $9.208 meV because the magnetic conbgurationk of

L 1 "
0.0 1.0

J ]

-1.0 -0.5 0.329 does not match the box size well. However lfer 73,

Eex = S 9.208 meV coincides withE,,, meaning that the
magnetic conbguration witk = 0.329 does match with this
box size well. Thus, only sizes that hazg(k, L, L,) very
close to that of the inPnite crystal should be considered in

FIG. 6. Variation of the theoretical value &fversusl,/ |J,| for
1, J;, &, andJ; corresponding tal = 0.001.
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FIG. 9. Simulated ground-state magnetic conbguration gvith
(0.3288, 0.3288, 0) in CuCrkO

Based on the previous analyses, we simulate a bnite crystal
of size 73x 73x 2 using PBCs to validate the predicted GS
FIG. 7. L dependence of the exchange energy per spin of dased on the Heisenberg Hamiltonian given in Hg. The
conbguration witlg ~ (0.329, 0.329, 0) calculated with the set of set of exchange interactions correspondingite 0.001 is
exchange interactions correspondinglts 0.001. considered (Tabld).
Our MC simulations are performed using the standard

numerical simulations. To elucidate boundary and Pnite-siz&1€ropolis algorithm B4]. We start our simulations from

effects on the propagation vector, we study kiependence random spin conbgurations at a high enough temperature
of Eey for both sized = 72 andL = 73 in comparison with Ti = 35.01 K above the transition temperature of the system.

that in the inPnite crystal, as shown in Fig. It can be VW€ then cool the system down to a bnal temperalyre

i Mot ot i .01 K according toT+; = T; S T. At each temperature,
seen that bnite-size effects (oscillations) exist in both cased i1 !
However, the choice of (and thus boundary effects) can we perform 55< 10° MC steps, where the brsb610° MC

completely change the magnetic ordering of the system. |§te\5)Vs abreéjis;]cardhed for thermal equilibra(tjion. o
can be seen that the minimum B, for L = 73 coincides e bnd that the magnetic system undergoes a phase tran-

with that of the inPnite crystal &= 0.3287, preserving the sition from a paramagnetic state into an antiferromagnetic
y P 9 V\poncolhnear state at NZel temperatdig= 27.5+ 0.5 K,

incommensurate nature of the magnetic conbguration. How-"-", . . .
ever, forL = 72, the stable magnetic conbguration is close toWhlch agrees well with the ones reported experimentally. This

the perfect 120with k = 0.3334 because PBCs impose this would suggest the ability of our DFT estimates of exchange
ordering. interactions to describe the various magnetic properties of

Note that for a giverL that hasEex(k, L, L;) very close to CuCrQ. . sim
that of the inPnite crystal, the dependencégfk, L, L,) on AU T we Pnd that the S|mulated_ energl,,
L, is much less pronounced (not shown here) due to the smaft 9.20_3 meV is in excellent agreement with that calculated
value ofJ;. analytically, Egx(k = _0.329)_ S 9.202 mgV [Eg. L8) for

L = 73 andL, = 2], indicating that the simulated GS is not
perturbed by size or boundary effects.

Figure9 shows the simulated GS magnetic conbguration,
where we can clearly see the various sublattices. For a precise
characterization of this GS, we calculate the magnetic propa-

gation vectorg = (k, k, 0) according to

S-S
g

where the scalar produ@ - S; is calculated for the spins
along the [100] or [010] direction. Our simulations give
a magnetic propagation vectay = (0.3288, 0.3288, 0),
which ref3ects an incommensurate GS conbguratiork &
11837 ) consistent with those calculated analytically and
measured experimentally.

Furthermore, it is well known that spin chirality plays an
essential role in quantifying magnetic ordering in frustrated
systems. Thus, we consider the vector chirality per plane as
an order parameter debned as

FIG. 8. Thek dependence of the exchange energy per spin in 11 2
Pnite crystals compared to that in the inPnite crystal calculated with = ————  (§x S+ §;x S3+ S§x §1), (20)

the set of exchange interactions corresponding)t00.001. Np $3 3

1
k= 2—arcos (29)
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FIG. 10. Possible magnetic conbgurations with F/IX 0) and
AFM (J4 < 0) interlayer couplings in CuCrO

FIG. 11. E,, (in meV) vsk plot for the six possible conbgura-
tions with AFM (J, < 0) interlayer couplings in CuCrQ

and the sum runs over all up plaquettes in each layer. Note
that| | = 1 in the perfect 120conbguration, whereds| is
slightly smaller than 1 fok close to 13. At T¢, we bnd that

| | = 0.999 within each triangular layer, which is in excellent
agreement with its theoretical value calculatedker 0.329
according to

2 3
| ltheo = 33 2sin(2 k) S sin(4 k) = 0.999  (21)

conbrming the simulated value ¢f at the GS. Such good
convergence of our MC simulations toward the true GS in a
3D inbnite crystal would conbrm the validity of our derived
analytical expressions & and those of the exchange energy
in 3D Pnite crystals [Eqs.1#)D(7)], which serves as an
important presimulation step to warrant the convergence of
simulations toward theory.

IV. CONCLUSIONS

In conclusion, a compact analytical model that calculates
the magnetic propagation vector as a function of exchange
interactions up to fourth-nearest neighbors in rhombohedrally
stacked distorted triangular lattices was proposed. The ingre-
dients of this model are calculated from brst principles using
DFT+U calculations. Within our model, we found that the
set of exchange interactions resulting from 4% lattice
distortion reproduces the experimental ground state with a
propagation vectog  (0.329, 0.329, 0) in the distorted
inbnite crystal of CuCr@ Also, our results suggested that
a ferromagnetic next-nearest-neighbor interactiprand a
very weak antiferromagnetic interlayer interactibnare fa-
vorable for stabilizing the = (0.329, 0.329, 0) conbguration
in CuCrQ,. Finally, Monte Carlo simulations performed in
CuCrQ, converge well toward the experimental ground state,
validating our analytical and DFAU calculations.
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TABLE V. GS conbguration (Conf.) as a function of the nature
of J, and the value ok in CuCrG;.

TABLE VI. DFT estimates of the single-ion anisotropy constants
(in meV) in CuCrQ.

k< 1/3 k> 1/3 d 0 0.0001 0.001 0.002 0.003
<O Conf. 2 Conf.1 Dy 0 0 $0.0004 $0.0007 $0.001
>0 Conf. 1 Conf.2 D, 0.033 0.033 0.033 0.033 0.033

authors acknowledge the computational resources providedowever, fords > 0, the case is the opposite, as summarized
by the Swedish National Infrastructure for Computing (SNIC)i TableV.

and Uppsala Multidisciplinary Center for Advanced Compu-
tational Science (UPPMAX). Monte Carlo simulations were
carried out on the supercomputer of the Centre RZgional
Informatique et dOApplications NumZriques de Normandie It is important to note that the magnetocrystalline

2. Anisotropy

(CRIANN) as Project No. 2015004.

APPENDIX

1. Minimal-energy conbguration with interlayer couplings

In the presence al,, six magnetic conbgurations, shown
in Fig. 10, are possible at the GS. Their energies Bje=
SJ,S[1 + 2cos(2 k)] for conbguration 1F, = + J,S[1 +
2cos(2 k)] for conbguration 2E, = S J,S[1 + cos(2 k) +
cos(4 k)] for conbgurations 3 and 5, anfy =+ J,S°
[1+ cos(2 k) + cos(4 k)] for conbgurations 4 and 6. Gen-

anisotropy is calculated in this work for each value of the
considered distortions. The DFT estimates of the single-ion
anisotropy constant®, and D, corresponding to hard and
easy axes along the [110] and [001] directions, respectively,
are listed in TableVl. As can be noticed, lattice distortion
induces the hard-axis anisotropy in CuGr@esulting in an
easy-plane anisotropy, tlyz plane.

Nonetheless, magnetocrystalline anisotropy was not intro-
duced in the previous analytical calculations gpfbecause
it does not affect the magnetic ordering in the syst&%.[
For validity, the same previous MC simulations were repeated

erally, the stable conbguration is determined by both thevith the corresponding values &f; andD,, where we ob-

nature ofl; (FM or AFM) and the value ok. For example, if
Js < 0, conbguration 2 is stable far< 1/ 3, while conbgura-
tion 1 becomes more stable whiexr 1/ 3, as seen in FidL1.

tained the same magnetic propagation vector (0.3288,

0.3288, 0) without any noticeable effect on the magnetic
ordering of the system.
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