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This paper provides a review of our developments on the use of Voronoi-type tessellations for the
analysis of the deformation of polycrystalline structures. This work was initiated 20 years ago by a
fruitful collaboration with Dominique Jeulin and is still guided by his works. We introduce different
types of tessellations and explain how they can be used by presenting several micromechanics cases of
study, from the most simple to the most complex configurations.
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1 Introduction

The mechanisms governing the elasto-plastic deformation, damage and fracture of metallic alloys are intimately
related to their polycrystalline microstructures. This has motivated since the 90s the development of full-field
modelling approaches to predict their behaviors. In the simulations, polycrystals are usually represented as
Voronoi tessellations generated from a uniform random distribution of seed points, so-called “Poisson-Voronoi
tessellations” [1]. However, Poisson-Voronoi tessellations are, at best, only partly representative of experimental
microstructures. This is especially the case for microstructures optimized to enhance their mechanical properties,
which may contain columnar or elongated grains (arising from solidification or forming operations, respectively),
grain-size gradients, wide or even bimodal grain size distributions, etc.
In this paper, we present the series of developments on the modelling and micromechanics of complex exper-
imental microstructures that we have carried out since our years spent with Dominique Jeulin, and that have
been implemented in the specialized free (open-source) Neper software package [18, 19]. First, we show how
particular choices in the spatial distribution of the seed points of a Voronoi tessellation can lead to well-controlled
size-gradient structures of mixed equiaxed/columnar structures. Then, we introduce Laguerre tessellations (a
generalization of the Voronoi algorithm to weighted tessellations) and demonstrate how they can be used to
represent experimental microstructures described by multiple metrics, using optimization. Finally, we present
Johnson-Mehl tessellations (a generalization of Voronoi tessellations to time-dependent nucleation and growth
rates) and show how they can be used in the context of diffusive transformations of polycrystals. These develop-
ments are illustrated by specific cases of study on the micromechanics of polycrystals, which have been further
addressed with finite element analyses. These developments not only lead to high-end tools for the modelling of
existing materials but are also meant to provide a complementary, “numerical” strategy in material engineering
approaches related to new manufacturing capabilities.

2 Voronoi tessellations

2.1 Definition

Let us define D as a domain of space and Gi as a set of points distributed in D, defined by their coordinates. A
Voronoi cell Ci is associated to each seed point (Gi) as follows:

Ci = {P (x) ∈ D | d(P, Gi) < d(P, Gj) ∀j 6= i} , (1)

where d(A,B) corresponds to the Euclidean distance between A and B. Figure 1, which is taken from the
seminal work of Dominique Jeulin and applied in Ref. [1], illustrates the construction of a Voronoi tessellation
in 2D. Typically, the seed points are distributed randomly according to a uniform distribution, which leads
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to so-called “Poisson-Voronoi tessellations”. Poisson-Voronoi tessellations are composed of convex cells of
random sizes and shapes, and so are good first-order approximations of real polycrystals and are relatively easy
to mesh into finite elements [18]. This is why they have become a standard in polycrystal computations of
elastoplastic deformation [2, 23], fatigue [8], intergranular fracture [4], cleavage fracture [15], etc. A review of
such applications to the full-field modelling of polycrystals is provided in [5], and an extensive list of the works
carried out with Neper (most of which using Voronoi tessellations) can be found on the Neper website [17]
(125 papers as of March 2018).

(a) (b) (c)

Figure 1: Construction of a Voronoi tessellation on a periodic grid [1]. (a) Distance function of a single seed
point, (b) distance function of a set of seed points and (c) final result after cell construction and labelling.

2.2 Application to size-gradient structures

Introducting a grain size gradient in a polycrystalline material, with smaller grains near the surface, can improve
its resistance to fatigue [20]. Such a microstructure can be represented by a Voronoi tessellation relatively simply:
as the size of a cell is directly related to the distance between its seed and the surrounding seeds, a gradient of
volume density of the seeds (in the domain) results in a gradient of size of the corresponding cells. In practice,
the seeds can first be distributed on a regular array, where the distance between seeds is determined from the
expected density at that location of the domain, and then slightly shifted about their nominal positions to retrieve
random morphologies. The advantage of this method is twofold, as it controls the global size gradient as well as
the minimum and maximum cell sizes. However, these properties are quite sensitive to the parameters of the
seed distribution, so that they must be defined with great care. This is illustrated on Figure 2, where the complex
interdependencies between the setting of the nominal regular array of seeds and the prescribed range of the
perturbation distance lead to 2D microstructures with grain shapes and size gradient that are not representative
of real materials. To better understand (and monitor) these interdependencies, a procedure based on an objective
and reproducible construction of the inputs has been developed to explore the types of microstructures that
can be obtained from a unidirectional gradient in a 2D domain: all the inputs have been defined in terms of a
limited number of parameterized equations and the parameters space has been fully explored automatically. This
enabled us to identify suitable values for the spacings between seeds and the perturbations distances that could
then be used for the 3D tessellations. Figure 3 presents two examples of such microstructures, with low and high
gradients, respectively.

Figure 2: Examples of some remarkable 2D size-gradient tessellations extracted from the exploration of the
parameters space used to define the inputs of the tessellation.



International Workshop on the Physics and Mechanics of Random Structures: from Morphology to Material Properties
(June 17-22, 2018)

(a) (b)

Figure 3: Examples of two 3D size-gradient tessellations, with (a) low and (b) high size gradients.

2.3 Application to mixed equiaxed/columnar structures

Columnar grains can be obtained by directional solidification and are desirable in some applications, e.g. in
turbine blades, to avoid the existence of grain boundaries perpendicular to the radial direction, which is subjected
to high centrifugal forces. During elaboration, columnar grains usually appear near the outer surface of die-cast
parts, as a result of very fast solidification and high temperature gradients. In this case, columnar grains
generally coexist with equiaxed grains, which are located at the center, as illustrated on Fig. 4a. Equiaxed
grains have random (crystallographic) orientations whereas columnar grains have orientations characterized by a
crystallographic direction (typically 〈1 0 0〉 for cubic metals) parallel to the solidification direction, giving rise to
an intense fibre texture. The deformation of such microstructures can only be predicted by full-field modelling,
as they show grain morphologies and crystallographic orientation distributions distinctly different of those of
“conventional” microstructures. This type of structures can be represented by Voronoi tessellations, by distributing
the seeds as illustrated on Fig. 4. As for their deformation, we showed in Ref. [7] that the crystallographic texture
of the columnar grains drives their own plastic deformation but also the stress distribution of the equiaxed grains
(Fig. 5).

3 Laguerre tessellations

3.1 Definition

Similarly to Voronoi tessellations, Laguerre tessellations are generated from seed points (Gi) of given coordinates,
but these seed points are attributed weights, wi. A laguerre cell is associated to each seed point as follows:

Ci =
{
P (x) ∈ D | d(P, Gi)2 − wi < d(P, Gj)

2 − wj ∀j 6= i
}

(2)

The higher the weight of a seed, the larger its associated cell. A Voronoi tessellation is obtained if all weights
are equal. Figure 6 illustrates the construction of a Laguerre tessellation in 2D. Laguerre tessellations are
more general than Voronoi tessellations, as they can reproduce any tessellation composed of convex cells [13].
However, not only the seed positions but also the seed weights need to be properly controlled, which is not trivial.
Still, it can be clearly seen from Fig. 6 that Laguerre tessellations can include wider grain size distributions than
Voronoi tessellations. Most of the applications of Laguerre tessellations concern the modelling of microstructures
of polycrystals or foams [14, 12], while their applications to mechanical or physical analyses are much more
rare.

3.2 Application to bimodal grain size distributions

Grain size refinement is known to improve the yield stress of metallic alloys but also to degrade their ductility,
which can be detrimental for material forming. Several approaches have been developed to evade this strength-
ductility dilemna. One of the most promising approach consists in architecturing the microstructure in phases of
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(a)

(b)

(c)

(d)

Figure 4: Mixed equiaxed/columnar structure: (a) Orientation map (inverse pole figure) of the section of a
die-cast cylinder including both equiaxed grains and columnar grains. (b) Distribution of seed points, where the
black points generate equiaxed cells and the red points generate columnar cells, seen as top and perspective views,
(c) resulting Voronoi tessellation and (d) orientation distributions of the (left) columnar and (right) equiaxed
grains, shown as 〈1 0 0〉 pole figures.

(a) (b)

Figure 5: Crystal plasticity finite element simulation of the tensile deformation of the cylinder with mixed
equiaxed/columnar grains: (a) plastic strain field and (b) von Mises stress field.
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(a) (b)

Figure 6: Construction of a periodic Laguerre tessellation. (a) Seeds represented as spheres of centre Gi and
radius

√
wi, and (b) corresponding cells.

different properties, which has lead, in particular, to the concept of bimodal polycrystals, for which ultrafine
grains coexist with coarse grains. Such polycrystals have been elaborated by means of powder metallurgy and
spark plasma sintering and, as shown in Fig. 7, exhibit properties significantly different of those of “conventional”
materials [6, 7]. These results then rise questions on the optimization of such bimodal materials: what should be
the volume fractions of the two grain populations? and and how should these populations be spatially distributed?
Full-field modelling provides efficient means to address these questions. Preliminary analyses have dealt with
the representativeness of the considered volume element as regards its effective properties. It has been shown
that a single coarse grain embedded in a matrix of ultrafine grains (Fig .8a-b) is not convenient, and that the
grain size distribution alone is not sufficient to describe the microstructure: the spatial arrangement of the coarse
grains can play a significant role, as shown on Fig. 8c and 9.

(a) (b)
(c)

Figure 7: EBSD maps of bimodal 316L steel polycrystals elaborated by spark plasma sintering: (a) 75%
15µm-coarse-grains, 25% 0.5µm-fine-grains, (b) 25% 15µm-coarse-grains, 75% 0.5µm-fine-grains, (c) tensile
responses of unimodal and bimodal 316L steel specimens elaborated by spark plasma sintering. After [6].



International Workshop on the Physics and Mechanics of Random Structures: from Morphology to Material Properties
(June 17-22, 2018)

(a) (b) (c)

Figure 8: Generation of a polycrystal with coarse grains embedded in a matrix of fine grains: (a) positions and
weights of the seeds for a 2D generation and the resulting cells, (b) extension of (a) in 3D, (c) extension of (b)
for a cluster of coarse grains.

(a) (b) (c) (d)

Figure 9: Stress and strain fields for two realizations of microstructures: (a-b) isolated coarse grains, (c-d)
clustered coarse grains. As a pragmatic approach, a Hall-Petch term has been introduced in the definition of the
resolved shear stress hardening rule to account for grain size effect.
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3.3 Application to specified grain size and sphericity distributions

When several grain properties must be controlled, it becomes extremely difficult to determine the seeds positions
and weights of a Laguerre tessellation a priori, as was done previously. We then employ an optimization
approach [19], for which the variables are the seed positions and weights and the objective function (O, to
minimize) quantifies the difference between the target and current cell properties,

O =

√√√√ 1

n

n∑
s=1

As2, (3)

where each of the As concern a particular property. As mentioned before, the properties can describe the
morphology and arrangement of the grains, i.e. their sizes, shapes, positions, etc. Experimentally, grain
properties such as their sizes or shapes are generally described by their distributions. To define A, it is then
needed to compare the set of (discrete) cell values to a (continuous) target distribution. This is a well-known
problem in experimental physics (or medecine), for which different metrics (or “tests”) have been proposed from
1930–1970. We employ a test of the form

As =
∫ +∞

−∞

[Xs (x)− F s (x)]2

F s (x) [1− F s (x)]
dx with

{
F s = F ◦ s
Xs = X ◦ s (4)

where F represents the target cumulative distribution function, X represents the current cumulative distribution
function, and s is a Gaussian smoothing kernel (used to facilitate optimization convergence). As decreases as
Xs converges to F s and is equal to 0 when Xs = F s. Figure 10 provides tessellations generated from different
size and sphericity distributions. As microstructures with different properties can be generated automatically, it
becomes easy to analyse microstructure-property relationships. Recent applications concern the simulation of
thermal transport in nanocrystalline MoS2 sheets, which is important in energy storage and microelectronics
applications [21, 22]. The aim is to reduce the the thermal diffusion of the material by counterbalancing the
very fast diffusion in the crystalline structure by the high density of grain boundaries (of slower diffusion) of a
nanocrystalline structure. The macroscopic thermal conductivity therefore depends on the average grain size, but
it may also depend on the grain size distribution. This is illustrated on Fig. 11 in the case of nanocrystalline
graphene. Note how wider grain size distributions result in higher conductivities due to the presence of
preferential diffusion paths.

4 Johnson-Mehl tessellations

4.1 Definition

The Johnson-Mehl tessellation is obtained by combining nucleation (through a sequential intensity Ṅ(t)) and
growth (with growth rate α(t)) [10]. Considering the sequence of seed points Gi(xi, ti), a cell Ci is associated
to each seed point (Gi) as follows:

Ci =
{
P (x) ∈ D | d(P, Gi(xi, ti))− α(ti) ti < d(P, Gj(xj , tj))− α(tj) tj ∀j 6= i

}
, (5)

The nucleation (Ṅ(t)) and growth (α(t)) laws can be arbitrary, so that Johnson-Mehl tessellations are more
general than Voronoi tessellations and can include non-convex cells. Figure 12 (vf = 1) provides an example of
a Johnson-Mehl tessellation. A Voronoi tessellation is obtained if all seed points nucleate at the same time and
growth is isotropic. When a Johnson-Mehl tessellation is constructed in the context of phase transformation, the
nucleation (Ṅ(t)) and growth (α(t)) laws can be based on physical principles. Moreover, the transformation
kinetics can then be described by the theory of Kolmogorov (1938), Johnson-Mehl (1939) and Avrami (1939),
which is well-known for providing a simple and general law to describe the kinetics of formation of a product
phase during a process of nucleation and growth. It takes the form vf (t) = 1 − exp(ktn) where vf is the
product phase volume fraction and (k, n) are parameters. This form generalizes the particular configuration
of an isotropic growth at a constant velocity α which had been considered by Johnson and Mehl: with this
condition and in two particular cases of nucleation, the variation dvf within a time interval dt can be integrated
and the following evolution laws are obtained:
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σd = 0, s = 0.9 σd = 0.4, s = 0.9

σd = 0, s = 0.8 σd = 0.4, s = 0.8
(a) (b)

Figure 10: Tessellations generated from grain size and sphericity distributions. The normalized grain size
distribution is a normal distribution of average 1 and standard deviation σd. The sphericity distribution is a
normal distribution of average s and standard deviation 0.03. (a) 2D tessellations of different values of σd and s
(100 cells). (a) 3D tessellations corresponding to a grain-growth polycrystal: σd = 0.35, s = 0.855 (1000 cells).

Figure 11: Thermal transport in nanocrystalline graphene sheets with the same average grain size (10 µm) but
different grain size distributions.
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• for a simultaneous nucleation with a density N0: vf (t) = 1− exp
(
−4π

3 α
3N0 t

3
)
;

• for a constant nucleation rate Ṅ : vf (t) = 1− exp
(
−π

3 α
3 Ṅ t4

)
.

In the following, we will only consider the case of a constant growth rate.

4.2 Application to solid-solid phase transformations

The formation of Johnson-Mehl tessellations has been implemented in Neper and applied in Ref. [3] to describe
the microstructure evolution of a polycrystal during a diffusive transformation. The general objective of the
modelling is to account for the local elastoplastic interactions between grains of either the parent or the product
phase to predict the residual stresses and the effective plasticity that are induced by a diffusive solid-solid phase
transformation in a steel. The parent microstructure is a Voronoi tessellation which represents the austenitic (or
ferritic) microstructure, and from which favourable nucleation sites of the product phase can be defined: grain
corners, edges and surfaces, in decreasing order of likelihood. In Fig. 12, the nucleation sites are restricted to
grain corners, and a constant growth velocity is considered. It can be seen how the resulting microstructure
differs from a Voronoi tessellation, as grains are non convex. Fig. 13 illustrates the elastoplastic interactions
that arise between grains during phase transformation, without any external loading (each grain has a crystal
plasticity constitutive behavior corresponding to its phase). It appears that residual stresses and microplasticity
are generated locally, which eventually influences the effective properties of the parent phase.

Voronoi; vf = 0 vf = 0.06 vf = 0.45 vf = 1; Voronoi

Voronoi; vf = 0 vf = 0.06 vf = 0.45 vf = 1; Johnson-Mehl

Figure 12: Two polycrystal-to-polycrystal microstructure evolutions corresponding to diffusive transformations
at a constant growth velocity starting from the same Voronoi polycrystal. (Top) The nucleation is simultaneous
with a given density N0 and Voronoi polyhedra are obtained. (Bottom) Nucleation takes place at a constant rate
Ṅ through time and non convex polyhedra are obtained. Each example is a particular case of a Johnson-Mehl
tessellation. After [3].

5 Conclusion

In this paper, we provided an overview of the work we carried out as a continuation of our years spent with
Dominique Jeulin. Dominique’s playground, morphological mathematics, as well as his own contributions, have
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Figure 13: Stress-free transformation of a 85-grain austenite polycrystal to a 177-grain ferrite polycrystal.
Volume fraction of ferrite is z = 0.67. (a) Grains of ferrite (parent austenitic grains are not represented). (b) Von
Mises equivalent stress field on the contour of ferrite grains. (c) Equivalent total strain field on the contour of
ferrite grains. A quarter of the polycrystal has been removed for visualisation sake. After [3].

of course been very important. We have developed several new strategies for representing random polycrystals
by geometrical models and used the models in various applications. This approach is based on two main
motivations:

• to reproduce existing materials with information on the microstructure which is as close to reality as
possible;

• to generate polycrystals in a process of material engineering, i.e. to guide the development of architectured
materials and their elaboration by new processing technologies.

In both cases, the grain size distribution is an important property, but we have shown that it cannot be considered
alone to accurately describe polycrystalline microstructures. Indeed, it is also necessary to control (at least)
the grain shape [19]. Laguerre tessellations offer full control on these properties, and we have presented an
optimization approach that exploits them to their full potential. Jonhson-Mehl tessellations offer a more general
formulation and are attractive in the context of phase transformations. >From a general point of view, on top of
statistics, 2-point statistics are of course needed to characterize and control properties such as the percolation of
large grains: in a polycrystal containing two distinctly different grain size populations, then, as shown in [7], the
spatial distribution of the coarse grains (whether they are isolated or clustured for example) can have a significant
effect on the effective behaviour. Once again, Dominique’s contributions to the control of phase distributions in
a morphological model [11, 9] or to the estimation of tortuosity in 3D [16] will be our sources of knowledge and
knowhow.
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